An edge-coloring of a graph G with colors 1, 2, . . . , t is an interval t-coloring if all colors are used, and the colors of edges incident to each vertex of G are distinct and form an interval of integers. A graph G is interval colorable if it has an interval t-coloring for some positive integer t. For an interval colorable graph G, W (G) denotes the greatest value of t for which G has an interval t-coloring. It is known that the complete graph is interval colorable if and only if the number of its vertices is even. However, the exact value of W (K 2n ) is known only for n ≤ 4. The second author showed that if n = p2 q , where p is odd and q is nonnegative, then
Conjecture 2. If n ∈ N, then W (K 2n ) = 4n − 2 − log 2 n − n 2 , where n 2 is the number of 1's in the binary representation of n.
In Section 2 we show that the problem of constructing an interval coloring of a complete graph K 2n is equivalent to finding a special 1-factorization of the same graph. In Section 3 we use this equivalence to improve the lower bounds of Theorems 4 and 5, and disprove Conjecture 2. Section 4 improves the upper bound of Theorem 2. In Section 5 we determine the exact values of W (K 2n ) for n ≤ 12 and improve Theorem 6.
From interval colorings to 1-factorizations
Let the vertex set of a complete graph K 2n be V (K 2n ) = {u i , v i | i = 1, 2, . . . , n}. For any fixed ordering of the vertices v = (u 1 , v 1 , u 2 , v 2 , . . . , u n , v n ) we denote by H [i,j] v , i ≤ j, the subgraph of K 2n induced by the vertices u i , v i , u i+1 , v i+1 , . . . , u j , v j .
Let α be any interval edge-coloring of K 2n . By renaming the vertices we can achieve the following inequalities: min S(u i , α) ≤ min S(v i , α) ≤ min S(u i+1 , α) ≤ min S(v i+1 , α), i = 1, 2, . . . , n − 1.
So every coloring α implies a special ordering of vertices v α = (u 1 , v 1 , u 2 , v 2 , . . . , u n , v n ) for which these inequalities are satisfied. Now we fix the ordering v α and investigate some properties of the coloring α. First we show that the spectrums of the vertices u i and v i are the same. Proof. Note that if min S(v i , α) − min S(u i , α) = b > 0 then there exist b distinct colors c 1 , . . . , c b , such that the edges colored by c j , j = 1, 2, . . . , b form a perfect matching in the subgraph K 2n [{u 1 , v 1 , u 2 , v 2 , . . . , u i }], which is impossible, as it has odd number of vertices.
For the coloring α we define its shift vector in the following way:
where b i = min S(u i+1 , α) − min S(u i , α), i = 1, 2, . . . , n − 1 For every i = 0, 1, . . . , n − 1, by B i we denote the partial sums:
The total shift of the coloring α is defined as follows:
If α is an interval t-coloring of K 2n and sh(α) = (b 1 , b 2 , . . . , b n−1 ), then t = 2n − 1 + |sh(α)|. 
For every i = 1, 2, . . . , n − 1, we define the following two sets of colors:
By C k (α) we denote the edges colored by the color k:
For every F ∈ F we define its left and right parts with respect to the ordering of vertices v:
then F is called an i-splitted perfect matching with respect to the ordering v. In other words the edges of F do not cross the vertical line between the i-th and (i + 1)-th pairs of vertices (F 1 1 and F 2 1 on Fig. 1 ).
Lemma 2 (Equivalence lemma). The following two statements are equivalent:
Proof. Throughout the proof we will use B i as a shorthand for i j=1 b j , i = 0, 1, . . . , n − 1.
(a) => (b). Let α be an interval t-coloring of K 2n such that sh(α) = (b 1 , b 2 , . . . b n−1 ). We choose the ordering v α and construct the 1-factorization F of K 2n .
According to Remark 2, there exist 2n−1−|sh(α)| colors that appear in the spectrums of all the vertices.
For every i = 1, 2, . . . , n − 1, Remark 3 implies there exist |L i vα (α)| = b i distinct colors that appear only in the spectrums of the first i pairs of vertices and another |R i vα (α)| = b i distinct colors that appear only in the spectrums of the remaining 2n − 2i vertices. We take F i j = C Bi−1+j (α) ∪ C Bi−1+2n−1+j (α), for every i = 1, 2, . . . , n − 1 and j = 1, 2, . . . , b i . Note that the edges colored by the colors from
do not cross the vertical line between the i-th and (i + 1)-th pairs of vertices (F 1 1 and F 2 1 on Fig. 1 ), so F i j is i-splitted with respect to the ordering v α for all permitted j. Also note that some of the matchings F 0 j may be splitted perfect matchings as well, but for each of them both their left and right parts have the same color in the coloring α. For example, in case |sh(α)| = 0,
. . , u n , v n ), i = 1, 2, . . . , n − 1, j = 1, 2, . . . , b i . We construct α interval edge-coloring of K 2n in the following way:
The fact that F i j is i-splitted with respect to the ordering v implies that every edge of K 2n have received a color. The vertex u i (also v i ) is covered by all perfect matchings F 0 j , j = 1, 2, . . . , 2n − 1 − B n−1 , by the left parts of the matchings F i j , i = i, i + 1, . . . , n − 1, and by the right parts of the matchings F i j , i = 1, 2, . . . , i − 1, for every j = 1, 2, . . . , b i . So the spectrum is:
This proves that α is an interval (B n−1 + 2n − 1)-coloring of K 2n . To complete the proof of the lemma we need to check the shift vector of the coloring α. Note that for every i = 1, 2, . . . , n − 1, we have
This shows that the ordering v α coincides with the ordering v and sh(α) = (b 1 , b 2 , . . . , b n−1 ). Corollary 1. For any n ∈ N, K 2n has an interval t-coloring if and only if it has a 1-factorization, where at least t − 2n + 1 perfect matchings are splitted. Proof. Construction of the desired 1-factorization from the interval t-coloring immediately follows from Remark 1 and Equivalence lemma. As noted in the proof of the lemma, the number of the splitted perfect matchings in the obtained 1-factorization can be more than t − 2n + 1.
If we have a 1-factorization of K 2n with at least t − 2n + 1 splitted perfect matchings we can arbitrarily choose exactly t − 2n + 1 of them, then for each of them choose the i for which it is i-splitted (the same perfect matching can be both i-splitted and i -splitted for distinct i and i , the choice is again arbitrary) and apply Equivalence lemma. So, the corresponding coloring may not be uniquely determined.
This corollary shows that finding an interval edge-coloring of K 2n with many colors is equivalent to finding a 1-factorization with many splitted perfect matchings with respect to some ordering of vertices. For the ordering v we can define the maximum number of splitted perfect matchings over all 1-factorizations of K 2n .
Because of the symmetry of complete graph this number does not actually depend on the chosen ordering v, so we denote it by σ n .
Lower bounds
In order to obtain new lower bounds on W (K 2n ) we split K 2n into two edge-disjoint spanning regular subgraphs, find convenient 1-factorizations for each of them, and then apply Equivalence theorem for the union of these 1-factorizations.
We fix the ordering of vertices of K 2n , v = (u 1 , v 1 , u 2 , v 2 , . . . , u n , v n ), and define two spanning regular subgraphs of K 2n , K 2 K n and K 2 × K n ( Fig. 2) :
and define a special 1-factorization of K 2 K n which we denote by P n : For every i = 1, 2, . . . , n − 1,
bipartite graph, so König's theorem [9] implies it has a 1-factorization. If we consider the perfect matchings of any 1-factorization of K 2 × K n as non-splitted matchings and add the perfect matchings of P n we obtain that σ n ≥ n − 1. Equivalence theorem implies that this result is equivalent to Theorem 4.
In order to improve this bound we concentrate on finding a better 1-factorization of K 2 × K n .
Proof. We fix an ordering of vertices v = (u 1 , v 1 , u 2 , v 2 , . . . , u n , v n ) and consider two induced subgraphs:
Both subgraphs are regular and bipartite, so according to the König's theorem [9] they have 1-factorizations.
Let the 1-factorizations of
, respectively. By joining the first n 2 − 1 pairs of these matchings we form n 2 -splitted perfect matchings of K 2 × K n with respect to the ordering v:
If we remove the edges
F i from the graph K 2 × K n , the remaining graph is still a regular bipartite graph and has a 1-factorization, which we denote by
The number of splitted matchings is n 2 − 1 + n − 1. So we have σ n ≥ 1.5n − 2.
By applying Equivalence theorem we obtain the following lower bound: 
This theorem implies that W (K 10 ) ≥ 14 which is the smallest example that disproves Conjecture 1. Next we focus on the case when n is a composite number.
Proof. Let the vertex sets of K 2mn , K 2n and K 2m be as follows:
We fix the following orderings of vertices of K 2mn , K 2n and K 2m , respectively:
. . , σ m are splitted perfect matchings. We also need the graph K 2 K 2m with the vertex set {u i , v i | i = 1, 2, . . . , 2m}, an ordering of its vertices v = (u 1 , v 1 , u 2 , v 2 , . . . , u 2m , v 2m ), and its 1-factorization P 2m = {P 0 , P 1 , . . . , P 2m−1 }.
During the proof we always assume that x, y ∈ {u, v}, 1 ≤ s, t ≤ n and 1 ≤ p, q ≤ m.
The 1-factorization of K 2mn we are going to construct is denoted by F and consists of three parts. Fig.   4 displays example perfect matchings for each of the parts in case m = n = 3.
For every splitted perfect matching N i ∈ F and for every perfect matching with an odd index P 2j+1 ∈ P 2m we construct one perfect matching of F 1 .
Note, that if N i is an r-splitted matching for v, then F 1 i,j is (jn + r)-splitted matching for v, for every i = 1, 2, . . . , σ n and j = 0, 1, . . . , m − 1.
For every non-splitted perfect matching N 0 i ∈ F except N 0 1 (the choice of this exception is arbitrary) and for every perfect matching with an even index P 2j ∈ P 2m we contsruct one perfect matching of F 2 .
Note that for every i = 2, 3, . . . , 2n − 1 − σ n , F 2 i,j is jn-splitted perfect matching for v for every j = 1, 2, . . . , m − 1, and is a non-splitted perfect matching if j = 0.
For every edge x s y t ∈ N 0 1 the subgraph K 2mn {x 1 s , y 1 t , x 2 s , y 2 t , . . . , x m s , y m t } is isomorphic to K 2m . So we are left with n copies of K 2m . For every perfect matching M i ∈ F we constuct a perfect matching in K 2mn by joining its n disjoint copies.
Note that if M i is r-splitted perfect matching for v, then F 3 i is rn-splitted perfect matching for v, i = 1, 2, . . . , σ m . Moreover, the perfect matchings F 3 i are not splitted, i = 1, 2, . . . , 2m − 1 − σ m . The number of the constructed perfect matchings in F is mσ n +m(2n−2−σ n )+2m−1 = 2mn−1. Out of these the number of splitted perfect matchings is mσ n +(m−1)(2n−2−σ n )+σ m = σ m +σ n +2(m−1)(n−1). This completes the proof.
By applying Equivalence theorem we obtain the following lower bound, which is a generalization of Theorem 5:
Theorem 9. For any m, n ∈ N, W (K 2mn ) ≥ W (K 2m ) + W (K 2n ) + 4(m − 1)(n − 1) − 1.
We know that W (K 6 ) = 7 and W (K 10 ) ≥ 14. The above theorem implies that W (K 30 ) ≥ 52. This result disproves Conjecture 2 which predicted that W (K 30 ) = 51. But this is not the smallest case that contradicts the conjecture as we will see in Section 5.
Upper bounds
Let α be an arbitrary interval edge-coloring of K 2n , n ∈ N, and v α = (u 1 , v 1 , u 2 , v 2 , . . . , u n , v n ) be its corresponding ordering of vertices. Let the shift vector of α be sh(α) = (b 1 , b 2 , . . . , b n−1 ). Equivalence lemma implies that there exists a 1-factorization of
. . , b i , such that F i j is i-splitted with respect to the ordering v α , i = 1, 2, . . . , n − 1, j = 1, 2, . . . , b i . Wherever we have an interval coloring α of a complete graph in the proofs of this section we will always assume that the corresponding ordering of vertices v α and 1-factorization F is given.
To improve the upper bounds on W (K 2n ) we need several lemmas. Proof. Note that if some F ∈ F is i-splitted with respect to v α , then it is (n − i)-splitted with respect to the ordering v α = (u n , v n , u n−1 , v n−1 , . . . , u 1 , v 1 ). We use Equivalence lemma to construct a coloring β from F with respect to the ordering v α . Its shift vector is (b n−1 , b n−2 , . . . , b 1 ).
Proof. The condition b i > 0 implies that there exists a perfect matching F i bi ∈ F which is i-splitted with respect to the ordering v α . We construct the coloring β by applying Equivalence lemma to the 1-factorization F by regarding the perfect matching F i bi as a non-splitted one (we can rename it to F 0 2n−|sh(α)| ). Proof. According to the proof of Equivalence lemma, the left parts of the perfect matchings F i j cover the vertex u 1 (and v 1 ), i = 1, 2, . . . , k, j = 1, 2, . . . , b i . Moreover,
To complete the proof we note that the number of the perfect matchings F i j is k i=1 b i and the degree of the vertex u 1 (or v 1 ) in H
We will call the vector
Corollary 3. If α is an interval edge-coloring of K 2n , n ≥ 3, then |sh(α)| ≤ 2n − 4.
Proof. Let sh(α) = (b 1 , b 2 , . . . , b n−1 ). Lemma 7 implies that
The same lemma in conjuction with Lemma 5 implies that b n−1 ≤ 1. By summing these two inequalties we complete the proof. . Therefore, at most one edge remains for these two matchings, which is a contradiction. Proof. Let sh(α) = (b 1 , b 2 , . . . , b n−1 ). Lemma 7 implies that
We consider two cases. Proof. Suppose the contrary, b k ≤ 2. If b k = 2, then the vector (b 1 , b 2 , . . . , b k−1 ) is also saturated, and we obtain contradiction with Lemma 8. If b k ≤ 1, then we have
Lemma 10. If sh(α) = (b 1 , b 2 , . . . , b n−1 ) for some interval edge-coloring α of K 2n and k ∈ [1, n − 1], then
Proof. We consider the subgraph H [1,k] vα . The number of edges in the subgraph is k(2k − 1). The left part of each of the perfect matchings F i j , i = 1, 2, . . . , k, j = 1, 2, . . . , b i , consists of i edges, and all of them belong to the subgraph H [1,k] vα . The number of such edges is . So at least 2k − i edges belong to the subgraph H [1,k] vα . The number of such edges is at least For the numbers k ∈ N and r ∈ Z + we define the following:
Note that m(k, r) is not defined for all pairs (k, r). For example, Lemma 7 implies that there are no interval
It is obvious that m(1, 1) = 1 and m(k, 0) = 0, k ∈ N.
Remark 4. In order to calculate m(k, r), k > 1, r > 1, it is sufficient to take the minimum over those (1, 1, 3)
12
(1, 2, 1, 1) 6 16
(1, 2, 1, 2) 7 20
(1, 2, 1, 3) Table 1 : The values of m(k, r). The first row of each of the cells displays the value of m(k, r). The second row contains some
Proof. Suppose the contrary, |sh(α)| ≥ 2n − 5. Lemmas 5 and 7 imply that n−1 i=6 b i ≤ 2n − 11. We consider three cases. Case 2:
Therefore, (b n−1 , b n−2 , . . . , b 6 ) is saturated and b 5 = 1. Lemma 9 implies that b 6 ≥ 3. Now we apply Lemma 10 for k = 4. The left part of the inequality is 28. On the right side, 
By summing these two inequalties we get a contradiction.
For n = 11, Conjecture 2 predicts that W (K 22 ) = 36. The following lemma shows the smallest n for which the conjecture is false. Proof. Theorem 10 implies that W (K 22 ) ≤ 37. The interval 37-coloring of K 22 is displayed in Fig. 6 .
p αi i , where p i is the i-th prime number and α i ∈ Z + , then
Proof. To prove the bound we take the bound from Corollary 2, set the exact values of W (K 2pi ) for the first five prime numbers and use Theorem 8 to bound W (K 2pi ) for i ≥ 6, taking into account that all prime numbers except 2 are odd. 
